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ABSTRACT

In this paper we look at r equivalence, which is an equivalence relation
that is implicit in Vershik’s classification of r-adic decreasing sequences of
o-algebras, and also in work of Stepin. This equivalence relation is used
to classify group actions of the group G =Y >° | Z/rnZ, r = (r1,72,...).
It is shown that given any sequence of natural numbers satisfying a cer-
tain growth rate, all Bernoulli G actions are r equivalent to a certain
natural action of G, which we call the translation action. Furthermore,
these actions are zero r entropy and r finitely determined, where this
notion arises canonically from the restricted orbit equivalence theory of
Kammeyer and Rudolph.

1. Introduction

Let Z be the integers, and N be the natural numbers. Let (X,F, ) be a non-
atomic Lebesgue probability space, and {T,},ec be a free measure preserving
ergodic group action on the space, where G = ¥ oo | Z/r,Z and r, € N~\{1}.
Set r = (ry,79,...). Let G; = Ei;l Z/rnZ. Set ¢; = #G; = Hfl:l r,,. Notice
G = |JG;. Our first example of a G action is what we will call the translation
action.

Example 1.1: Let X = [[;> , Z/r,Z, p = Haar measure, F = the completion of
the Borel g-algebra and (Tyx), = (n + gn)mod r,. Since the action is rotation
on a compact abelian group it has discrete spectrum and entropy 0.
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Another example is the natural generalization of the Bernoulli actions for this

group.

Example 1.2: Let X = {0,...,n — 1}, u be the Bernoulli measure on X given
by a probability vector (pg,...,pn—1) on the factors, let F be the completion
of the Borel o-algebra, and T be the shift. Notice that the partition P, by the
values of the identity coordinate is a generator for this action, so

n—1
MT) =MT,P) = - Zpi log p;.
=0

There is a natural equivalence relation that arises when considering group
actions of this group, namely r equivalence.

Definition 1.1: Suppose T and S are two Y Z/r,Z actions. T is r equivalent to
S if there is a 1-1 measure preserving map ¢ : X — Y such that {¢(Tgz)}eeq, =
{Typz}gec, for every i.

Dye’s theorem says that any two ergodic G actions are orbit equivalent, since G
is a countable discrete amenable group. However, this equivalence relation asks
for more than just orbit equivalence, since it asks to preserve each G; orbit. This
equivalence relation arises naturally from classifying certain decreasing sequences
of g-algebras up to isomorphism. Vershik initiated the study of these systems in
the late 1960’s. A sequence of non-atomic o-algebras F = Fy D Fi --- is r-adic
if the fibers of F,, over F,41 all contain r, points of equal mass. Two of these
sequences are isomorphic if there is a 1-1 measure preserving map between the
two spaces that takes the nth o algebras to each other. Choosing measurable
sections of F,|Fn41 gives an action of G. Likewise, given any G action it is
possible to define such a sequence by looking at the o-algebras of G,, invariant
sets. It follows from the definitions that isomorphism between r-adic o-algebras
is the same as the notion of r equivalence between two G actions. A G action is
ergodic iff its corresponding sequence has trivial intersection. An r-adic sequence
{Fn} is called standard if there exists a sequence of independent partitions { P;}
such that F, = V2, P.. This is Vershik’s terminology. The sequence of o-
algebras generated by the G; invariant sets of the translation action is standard.
Vershik originally thought that every r-adic sequence with trivial intersection was
standard [14]. This would imply that any two ergodic G actions are r equivalent.
Later, Vershik constructed examples of dyadic sequences that are not standard
[15]. Later, Vershik showed that a certain entropy which he defined for r-adic
sequences is an isomorphism invariant in the case when the sequence r does not
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grow too fast. He also showed that this entropy corresponds to the regular group
entropy in the case of Bernoulli actions [16] [17]. Stepin showed that the entropy
that Vershik defined corresponds to the regular group action entropy for arbitrary
G action, and reproved the invariance of entropy when r does not grow too fast
[12] [13]. In particular, this condition encompasses dyadic equivalence, which is
the case when r, = 2 Vn. Vershik also showed, through his lacunary isomorphism
theorem, that there exist sequences r for which entropy is not an r equivalence
invariant [14]. Thus a natural question arises: When is entropy an invariant for r
equivalence? The previously mentioned theorem gives a partial solution to this.
More precisely, define

h.(T) = inf{h(S) | S is r equivalent to T'}.

THEOREM 1.1 ([18)): If 3 821 < oo then hy(T) = H(T) VT.

More recently, Hasfura showed that there is a mixing G action in every r
equivalence class [6]. This implies that for any r, r equivalence is strictly weaker
than an isomorphism of G actions. This is because mixing is a G action isomor-
phism invariant and the translation action is not mixing. Building on this result,
Hasfura and Fieldsteel showed that there is a completely positive entropy G
action in every positive entropy equivalence class [5]. Also, we showed that r
equivalence is a restricted orbit equivalence {7] as defined in Kammeyer and
Rudolph’s recent paper [8]. In other words, for any r there is a corresponding
‘size’ m,, whose equivalence classes correspond to those of r equivalence. Using
this fact and some combinatorial arguments, one gets the following.

THEOREM 1.2 ([7]): If 3 BT — 00 then h,(T) =0 VT.

In the first case, r is called entropy preserving and in the second case r
is called entropy free. Restricted orbit equivalence theory ensures that the r
entropy is achieved on a residual set in every r equivalence class. The goal of
this paper is to determine the nature of the standard equivalence class. In the
next two sections, a number of different properties of an action are defined, and
then proven to be equivalent to standardness. One of the properties defined
in section 2 is the same as Vershik’s standardness criterion, which he proves is
equivalent to standardness [18]. The property defined in section 3 is r finitely
determined. The definition of r finitely determined follows a similar pattern to
the definition of finitely determined for Ornstein’s isomorphism theorem [10] and
of finitely fixed for the theory of Kakutani equivalence, which was developed by
Feldman, Katok, Ornstein, Weiss and Rudolph [2], [9], [11]. All the directions of
the implications are included for completeness, alfhough the equivalence of the
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standardness criteria to standardness was originally proved directly and hence
does not depend on restricted orbit equivalence theory. The main theorem in the
last section states that when r is entropy free, the Bernoullis are standard. This
is proved using one of the standardness criteria. Using this result, together with
a certain extension of Sinai’s theorem, Feldman proved that there is a positive
entropy action in every r equivalence class when r is entropy free [3]. Then using
this extension, Feldman proved that there are actions of any entropy in every
equivalence class [4]. For simplicity, when we want to denote the G action we
drop T and simply write gz.

2. Standardness criterion

Set G = > Z/rZ, r = (ry,72,...), and G; = Z;=1 Z/r,Z. In this section and
the next we define a number of different properties for G actions and show that
they are all equivalent. Define

A, ={aeGS":a(g) —a(h)€Gi o g-heG;, Vi<n, Vg heG,}.

These are automorphisms of the G, tree. For a finite partition P, let

(2.y) = inf PL9EGnlPlgz) # Pla(g)u)}
! a€A, Gn .

P
n

1o
Criterion 1 states that for all finite partitions P,
P
/an (z,y)dp x p— 0.
This is the criterion given in [18]. If a € A%, for m > n define

ma(a) =Y #{g € Gj|a§2 - a(0) # g}

Jj=1

my(a) is small if on most of the small subgroups a looks like a translation by
some element g € G,,. Let

P _ . [#{g € Gn|P(gz) # P(a(g)y)}
Gn

+ mp(a)
Criterion 2 states that for a generating partition P,

/vf(z,y)du X 0.

The goal of the next two sections is to prove the following.
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THEOREM 2.1: Given a G action T with a finite generator, TFAE:

1. T is standard,

2. T satisfies criterion 1,

3. T satisfies criterion 2,

4. T isr finitely determined and h.(T) = 0,
where the last property has not yet been introduced. Before doing so, however,
we show 1 => 2 = 3. After that, we define 4 and show 3 = 4 = 1.

Remark 2.1: When T does not have a finite generator, simple modifications can
be made in the proof of this theorem to establish 1 = 2= 4= 1.

To show 1 = 2 it suffices to show that the translation action satisfies criterion
1 and that criterion 1 is an r equivalence invariant.

PROPOSITION 2.1: The translation action satisfies criterion 1.

Proof: First notice that the translation action has the property that there is a
sequence of sets {F} such that Vn | e, 9Fn =X, {gFn}gec, are mutually
disjoint, and if F,, = {gF,}4cq,., then F, A~ F. This is because the sets F,, =
{z€eX| =z1---z,=0-.-0} serve as the bases of towers F,, that increase to the
full algebra. Hence it suffices to show that an action with this property satisfies
criterion 1. Set L,(P) = [af (z,y)dy x p and L(P) = lim,_,co Ln(P). This
limit exists since L, is decreasing in n. Since for any F; there is only one G;
name up to translation by elements in G;, L(F;) = 0. Also L is continuous.
Since any finite partition P can be approximated arbitrarily well by some F;
and, for all j, L(F;) = 0, it follows that for any finite partition P, L(P) = 0.
1

Now we show that criterion 1 is an 7 equivalence invariant. Suppose T is a G
action on (X, F, ) with finite partition P, S is the standard action on (Y,G,v)
and ¢ : X =Y is an r equivalence. Set ¢P(z) = P(¢~1z). For ¢z, ¢y €Y, find
a € A, that attains the minimum in o¢?(¢z, ¢y). For g € Gy, let h be defined
by

¢~ Sgdy = Thy.
Define b(h) by
¢_1Sa(g)¢$ = Tb(h)z-

From these formulas it is clear that

o (z,y) = ob (42, ¢y)

and the result follows.
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Now we prove 2 = 3. For a generator P and any j it is possible to find n
such that for most pairs of points (z,y), o ’ (z,y) is small. This implies that the
automorphism used in o ’ (z,y) could have been chosen as a translation on the
G; word of many of the points in the G,, orbit of (z,y), which means that v} is

also small.

3. r finitely determined

In this section we prove criterion 2 implies zero r entropy and r finitely deter-
mined implies standard. Restricted orbit equivalence theory does not guarantee
the existence of a ‘finitely determined’ class for an entropy free equivalence re-
lation. However, the results of this section show that they exist, and that they
correspond to the actions in the standard equivalence class. We first define r
finitely determined in two ways. We develop the idea of ©", which is the ana-
logue of d in this setting. We develop a finite version, 77, and then establish
the connection between the two. By using the finite version, we show that crite-
rion 2 implies r finitely determined. To close the circle of implications, we then
apply the equivalence theorem, which implies that zero r entropy and r finitely
determined imply standard.

Let (X,F,u,P) and (Y,G,v,Q) be two free ergodic measure preserving G
actions. For any partition P define P* =/ 9€G, 9P tin = (P™)* s, and likewise
for Q.

Let A = {a € A,|a(0) = 0}. G, x G, acts on P* x Q™ by the shift and
G, acts on A% by ga(k) = a(g + k) — a(g). Let X, = P* x Q" x A? and T™
be the corresponding action on X,. Let m1 : X, = P" and 73 : X, — Q" be
projection and ¢y, » : X, — X, be the restriction map. Let ag(g) = g(a~(g)).
By an abuse of notation, u can be a measure on X or P¢, and likewise v can be
a measure on Y or Q€. Let A(p,§,a) = (ap,ad,a™?). Define

Tr(Xn) = {p € MX)T i = fi, 7= pin, (m2A)* i = v}

Remember, if a € A%, for m > n,

ma(a) = i #{g € C;l;(g) #9}
§=1 J

Define
o vw) = ot (W90) 240} + [ ma(a)dp).
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PROPOSITION 3.1: ¥% (U, Vn) > 051 (-1, Vn—-1)

Proof: For any fi, € J;, define the projection to be ¢y, ,_1/in. This new measure
is in J;_, since it projects correctly and is invariant under Tm=1. Since this
projection measure does not increase the value in the expressions in the definition
of 7], the result follows. |

Given i, € J7(Xy) it is possible to construct fin e on X = (P x Q)¢ x A
where

A = {a € G%a(0) = 0,a(h) — a(g) € G; < h— g € G;¥4,Yg,h € G}.

If a € Athen a(G;) = G;Vj. This forces A to be compact, since a diagonalization
argument shows that any sequence has a convergent subsequence. Now [i, o will
only give support to those a € A such that a(0,g) = (0,g), where 0 € G,, and
g € G/G,. This implies that a|,c, € A2. To define fi,, it is enough to specify
for m > n that

finoo((0:4,0)l6) = [ Anl(h,4,9)lgc..).

9€Gm /Gn

It is clear that @7, ,fin,co = fin- Notice that fi, o is G invariant, since if g €
Gn, [tn 18 Gy, invariant, and if g € G,/G,, then it is invariant because of the
multiplication property. However, in general fi, o, will not project correctly.
Take fio, to be a weak star limit point of {/in oo }. Notice now that fio, projects
correctly. To see this, notice that given any cylinder set based on coordinates in
some G, fin,0o Projects correctly for n > m. For a € A, let m(a) = limm,(a).
This limit exists since m,, is increasing in n. Notice now that

M 27 (i, ) = frood (920, @) € XI(0) # G(0))} + / () dfico-

Set 9" (4, ¥) = kim 3 (tn, vr). Define [P, Q| = 1 32 |up: — vyl

Definition 3.1: A G process (X,F,u, P) is r finitely determined if given any
€ >0, 3j and § > 0, such that whenever (Y, G, v, Q) is another ergodic G process
with

1. |P%, Q%) < 6, and

2. h (T, P) < h(S,Q) + 6, then

3. o"(u,v) < ¢, or equivalently,

4. T (fn,vn) <€ Vn.
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First we show that if some G process (X, F, u, P) satisfies criterion 2, then
h-(T) = 0. Let d be the metric between words that counts the number of
disagreements and divides by the length of the words. If this process satisfies
the standardness criterion, then most of the pairs of words can be matched most
of the time in d after applying an automorphism of the tree. For each G, word
apply an automorphism to it so that it is within € in d to all but ¢ of all the other
words in P™. This new system is r equivalent to the old one but has entropy
0, since given any € > 0 there exists an n such that after throwing away a set
of measure ¢ all the remaining G, words are within € of each other. Now we
show that if some G process (X, F, us, P) satisfies criterion 2, then it is r finitely
determined.

THEOREM 3.1: Given € > 0 and fvipdu x u — 0, there is a j and 6 > 0 such
that whenever (Y,G,v,Q) is another ergodic process with |P?, Q7] < § then AN
such that, forn > N, 0 (tin, Vn) < €.
Proof: Since the partition is fixed, let v;(z,y) = v{ (z,y). Notice v; is a function
on X x X or on PI x PJ. Set § = (¢/32). Find j such that [ v;(p,p)dp; x p; < 8.
By assumption |P?, Q7| < 4. Let w € P7 have the property that [ v;(w,p)du; <
8. Set

Pj = {p € P'lo;(w,p) < ¢/32}.
w;Pj > 1 —¢/32. Since |P7,Q’| < 6, there is a map 7 : P? — @, 1-1 and
measure preserving, and a set D such that if p € D then p and 7p have the same
G; name, and p; D > 1 - 4. Now

(1) [vwaw; = [ wwaw+ [ vwan,

(2) /D vi(w, q)du; + 6
3) < 26.

A

Let Q; = {q € Q’|vj(w,q) < €/16}. vQ; > 1—¢€/16. If p € P; and g € Q; then
v;(p,q) < €/8. Call a word in P™ good if the fraction of G; coset names in that
word that fall in P; is greater than 1 — €/16, and likewise for Q™. Define

BP = {p € P"|p is good}

and
BY = {q € Q"|q is good}.

Notice both these sets are G, invariant. By the ergodic theorem, pick N such
that for all n > N, uB? > 1 - ¢/16, and vBY > 1 — ¢/16. Fix any n > N and
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build a tower in P™ over a base Fj of height ¢,, and likewise in Q™ with base Fj.
Let F = Fy x Fy. For each pair of names, pr = pN F} and ¢r = ¢ N F,, with
p € P q € Q", thereis a ¢ = gqr for some g € G, such that some a that attains
the minimum in v,(pr,q’) fixes the identity. For any g € F3, choose such an a
and ¢’. The measure will be supported on points (p, ¢, a) (and translates of these
points), where p = pr and § = aq’. Let

i(5,d,0) = (upr)(ver)

T ga(u x V)F = [i(g(p, 4, a)).

Notice that ﬂX =1 and i is Gy, invariant. Furthermore, /i projects correctly. It
suffices to check this for the ¢’ specified beforehand:

@ MGadki=g) = Y wlhda)led=d\mi=pr)
prEFR
_ Var — !
(5) B gnvFy .k

Let & = (p,4,a), and E = BF x BYNF, x F,. Notice that uxvE > (1—¢/8)uxvF
and, if (p,q) € E, then v,(p,q) < ¢/4. It follows that

N

(6) Tty vm) < B{B(0) # G(0)} + / o (0)dji

) _ / (#{g € Gn{péi) # q(a(9))} +mn(a)> di
®) = [ valoa)d

(9) = @—xl—y)—F/Fvn(p,q)dﬂx v

(10) < (l—L—Xl-ﬁ/Evn(p,q)duxuﬁ-g <e

This finishes 3 = 4.

Remark 3.1: Given any restricted orbit equivalence with size m, Kammeyer and
Rudolph define a canonical notion of m finitely determined [8]. Since r equiv-
alence is a restricted orbit equivalence with corresponding size m, (7], there is
a corresponding notion of m, finitely determined. This definition coincides with
the definition of r finitely determined.

For 4 = 1, apply the equivalence theorem proved in [8], which states that any
two m, finitely determined actions of equal r entropy are m, equivalent. This
translates as follows: Any two r finitely determined actions of zero r entropy are
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r equivalent. Since the translation action is r finitely determined with zero r
entropy, if T is r finitely determined with zero r entropy, then T is standard.

4. Bernoullis are standard

Let G =0  Z/rpZ, v = (11,72,...), Gi = Sr 1 Z/rnZ, and q; = #G;. Let
X =({0,...,1-1}% F, u,0) where y is iid measure (1/1,...,1/1). Let P be the
partition at the identity into ! sets, and P* = \/ 9€G; ogP. Let riyq = [%+1%,
The goal of this section is to prove the following.

THEOREM 4.1: If ) ay = oo then X is standard.

The main tool used in this proof is the standardness criterion developed in the
previous section, i.e. given € > 0 there exists j such that

/vf(m,y)d,u X p < €.

The idea for the proof is as follows. Given any two G; words, apply an inductive
algorithm to match the words in the v; metric. Step 1 switches G;_; cosets
around in the G; word so that most of the G;_; coset pairs have the same name
on the first a;g;_; coordinates. In each of these steps, @y is less than half of ax,
and will be specified later. Now the first d,q;_1 coordinates of every G;_; coset
pair {(even the unmatched ones) will never be tampered with again. At step 2,
switch around the remaining G, cosets inside every G;_1 word so that the name
of the first @;_,9;_2 coordinates in most of the G;_2 coset pairs agree. Repeat
this process until the (j — 7)th stage. The inside of each G; coset pair remains
the same, so that if 7 is chosen large enough, the size of the automorphism that
was used is small. Choose j large enough so that after the algorithm is applied
J — % times, most pairs of words will agree most of the time.

The following series of remarks ensures that it is possible to pick dg41 so that
ax+17x € N and Y G, = oo. In particular this will imply that the number of
coordinates reserved at each stage, namely dg41qk, is a whole number of Gj_,
cosets.

Set B = {k : ax < 1/k*}. Then ¥ p.ar = oo, since Y. gar < co. WLOG
assume that a > 1/k? for every k, since skipping steps in the matching algorithm
gives no change in the estimates. With this reduction, Y 1/r < oo since

11 1
TR lakriar T ()2 /267

which is summable. Now

Z [logrkﬂ] 1 Z (log""kﬂ B _}_) oo
ak Tk gk Tk
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. [ logres1] 1
— o =Ma ) N PSS
dx4+1 = min { [ o o €

From the previous remarks, it follows that 3 ax = 0o

Set

The following lemma gives an estimate on the amount of matching gained in
one step of the algorithm. Let dy be the probability that a pair of Gy words
agree on the first dx.1gx coordinates. Since the coordinates are independent and
each symbol has equal weight,

di = [Gk+19k

A Gi41 pair of words is good if the last (1 — @gq2)rky1 G cosets can be
rearranged so that 1 — ¢/8 of those Gy coset pairs agree on the first dry1qx
coordinates. Let By be the set of all good Gy, pairs and wy = p X uBy. We want
to estimate wg41. For a pair of Gx41 words (p, q), look at the first Gy coset of
p. The probability of finding a Gy, coset of g to match it is

di +dp(1~dp) + - +di(1 — dp)+10-38+2)1 = (1 (1 - dy )+t (1-8ke2) =1
Likewise, the probability of matching the nth Gy coset is
(1 — (1 = dg)me+1(3-8kr2)=ny

So the probability of matching Ny = [(1 — €/8)(1 — @g42)rk+1] + 1 of the cosets
can be estimated by

Ni

Mes1 > H(l —(1- dk))”'k+l(1"ak+2)_‘").

n=1
The following lemma, which demonstrates that mg 1 is close to 1, is true because
at each stage dj, is not too small in comparison with 7. In particular, dgris1 >
V/Tk+1, which will be the dominant term in the estimate on m;. Thus by only
demanding that the matching occur on a small percentage of coordinates at each
stage, the probability that this match occurs is large.

LEMMA 4.1: Given € > 0, 3 i such that Yk > i, mgy; > 1 —¢/8.

Proof: Pick i such that
1.rk>r12i, VkZ’L,
2. 16T1+1 > 1
3. e WTHDE/16 < L1n 9 and

4 Vi-i> 161n(:2{}1—(‘§$).
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Notice that for 0 < z < $In2, e < 1 -z < e™*. Also, since Ny <
(1 —€/8)(1 — ak42)rk+1 + 1, it follows that

o

€

(11) (1 — @rg2)Tk41 — N > (g - g(l — €)1 — 1
2
€
(12) 2 g1 T 1
2
€
(13) Z 1_67'k+1.

From these observations we have

2

1) Mes > (1= (1 dy)Breon) 0=
(15) > (1_e—m%)(l*fg)ﬂs+1

2
(16) > VI

To show that my; > 1 —¢/8 Vk > i it suffices to choose ¢ so that the following
equation holds:

6. [ 21— <)
VTix1 —Inri; > = In (T(llﬁ_g-_))'

But the function \/z — In z tends to infinity monotonically, so by condition 4 and
the fact that r; > ¢ we obtain this inequality.

The next lemma is needed to show that if ) a; = oo, the total fraction of
coordinates reserved from all the steps of the induction tends to 1. For a sequence
{bx} set fi(z) =z +be(1 —z) and fi(0) = fro---o fi(0).

LEMMA 4.2: fr(0) =1 -], (1 - b).

i=1
Proof: The proof is by induction and is left to the reader.

Remark 4.1: If Y b, = 0o and 0 < b, < b < 1 then f¢(0) — 1.

Proof of Theorem: Fix ¢ > 0. Pick ¢ such that 27¢ < €/16, and such that
the conclusion of the first lemma holds. Pick j such that, if bx = @;_k, then
f;(O) > 1—¢/8. Let Wy be the total number of coordinates matched at the kth
stage. In the first step of the algorithm, we reserve a;g;_; coordinates of every
Gj—1 coset in every pair, and try to make these coordinates agree by rearranging
Gj_1 cosets around in the G; word. After this step is done, we never move the
reserved places again. Let xx be the fraction of each G; word that is reserved up
through the kth step. z; = @;. There are 2% pairs, and (1 — ¢/8) of them fall in
B; (the set defined in the first lemma). At this point, nothing is reserved from
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the previous step, so

W1 Z l2q7 (1 b %)’f‘j (1 - g)djqj_l.

In the kth step of the algorithm, there are 12%i7;_y o - -+ 1;Tk_o pairs of Gj_g41
cosets that have been reserved from steps 1 through k — 2, and @;_p4» part of
each G_k41 coset pair reserved from the previous step. Since X is iid, the
occurrence of pairs from B;_;11 as the name of an G _x41 coset will be at least
(1 — ¢/8)(12%)r;j_gy2- - Tj(1 — T_2) out of the total number of Gj_g41 coset
pairs. If (p,q) € Bj_k+1 then the number of coordinates matched is greater than

(1= @j—k+2)85-k+1(1 — €/8)Tj—kt15—k-

Notice (1 — @j—k+2)(1 — Zg—2) = (1 — Tk—1), since zx_1 = fj_r42(zx—2). Hence
Wi > (1 - ¢/8)2 (1) g;(1 — x-1)a; -k+1-

But

ZWk > (1—¢/8)2(1%%)q; fit1,4(0),
k=1

which gives a lower bound on the total number of coordinates that can be
matched. Now

/Uf(w,y)du xpu<l—(1-¢/83+e/8<e

Note: There are two places where the estimates are affected if it is necessary to
skip steps in the matching algorithm. First, in the technical lemma, if Gg4; <
1/k?, we would calculate the probability of matching [(1 — €)rx41] + 1 of the Gy,
cosets instead of [(1 — €)(1 — Gxy2)rk+1) + 1 of them, which can be done with
only minor modifications in the argument. The other place that the argument is
affected is when we count the number of coordinates matched. Suppose @;_x41
is not large enough. This time, in the kth step of the algorithm, we reserve

2q.
l (IJrj__k+1 P szk—l

pairs of G;_i cosets from steps 1 through k — 1, since z;_1 = zg_o. Notice
that all of the coordinates reserved from the previous stages are whole G;_x
cosets. However, this gives the same final estimate on the number of coordinates
matched.
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COROLLARY 4.1 ([3]): If r is entropy free, every r equivalence class contains a
positive entropy action.

Proof: Fix r entropy free. Given a G action Tg, there is a G action T, which
is equivalent to Ty, and which has an r finitely determined action as a factor [8].
Let Sy be the iid G action with measure (3, 1). From the previous theorem, S is
equivalent to S7. Now construct a lift T3 of S; that is equivalent to T. In other
words, a lift that completes the following diagram:

Tp —» T —2 T,

|

S —5

Since 51 is a factor of Th, 71 must have positive entropy, and T3 is equivalent to
Tp.

COROLLARY 4.2: Any finite entropy Bernoulli process is standard when r is
entropy free.

Proof: Use the fact that for any iid process with equal weights on the symbols
this is true, and the fact that factors of r finitely determined processes are r
finitely determined [8].

Remark 4.2: It follows from this result and the fact that r equivalence is a
restricted orbit equivalence that h,.(T) = 0 VT when

Z logrisr _

qk
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